We investigate the spin conductivity of topological insulators taking into account both the surface and quasi-two-dimensional bulk states. We apply a low-energy expansion of the Hamiltonian up to the third order in momentum and take into account the vertex corrections arising due to the short range disorder. Hexagonal warping gives rise to the additional anisotropic components in the spin conductivity tensor. Typically, isotropic part of the spin conductivity is larger than anisotropic one. The helical regime for the bulk states, in which the electrons in the Fermi level have the same projection of the spin on the direction of momentum, have been studied in a more detail. In this regime, a substantial increase of the spin conductivity contribution from the bulk states at the Fermi level is observed. We find that the bulk spin conductivity is insensitive to disorder if Rashba spinorbit coupling is larger than disorder strength, otherwise, it is strongly suppressed. The contribution to the spin conductivity from the surface states is almost independent of the chemical potential, robust to disorder and its value is comparable to the spin conductivity contribution from the bulk states per layer. The obtained results are in agreement with experimental data.
I. INTRODUCTION
Topologically-protected surface states form a Dirac cone in the electronic spectrum of the topological insulators (TI) 1 . The electron dispersion near Dirac points is linear. However, a hexagonal warping of the Dirac cone arises when we take into account the next-order terms in the momentum expansion of corresponding Hamiltonian of the TIs with the hexagonal lattices, such as Bi 2 Te 3 2 and Bi 2 Se 3 3 . The hexagonal warping influences not only the surface states but also quasi-two-dimensional bulk states in these systems. Effects of the hexagonal warping on the electronic properties of the TI have been studied extensively [4] [5] [6] [7] . In our recent paper 8 , we find that the presence of the hexagonal warping significantly affects the charge conductivity of the TI. In particular, it gives rise to the anisotropic anomalous in-plane magnetoresistance. Hexagonal warping also affects the quantum anomalous Hall effect and anomalous out-of-plane magnetoresistance.
A remarkable feature of the TIs is the existence of high spin conductivity in the absence of magnetic field, which is associated with an intrinsic spin Hall effect 9 . This effect has been first predicted in Rashba spin-orbit coupled materials, such as GaAs 10, 11 . However, the intrinsic spin Hall effect in such materials is weak due to short-range disorder (from a theoretical point of view, due to vertex corrections caused by this disorder) 12, 13 . A change of direction of the magnetization in the magnetic material by a spin current is referred to as spintransfer torque (STT) 14 . The STT is closely related to the spin conductivity 15 . This effect can be used for the design of the fast and low dissipative magnetic memory 16 . Recent experiments reveal that STT in the TIs is by orders of magnitude larger than for any other material, which is a sign of a substantial spin conductivity in TIs [17] [18] [19] [20] . Experimental study of the STT in the TIs demonstrates some intriguing features. Both the in-plane and out-of-plane STT exist in the system, and the value of these effects is of the same order, which is unexpected from the spin-momentum locking argument 17 . Moreover, the sign of the spin conductivity may be different in different samples of the same material 21 . Spin conductivity in the TI is tuned by chemical potential and obeys a particle-hole asymmetry 19, 22 . Also, spin conductivity is suppressed in the bulk-insulating regime 22 . It has been speculated that the large spin currents arise in the TIs due to the existence of the topologically-protected surface states [23] [24] [25] . However, in the other papers it is complained that the spin conductivity in the TI mainly comes from the bulk states 20, 26 .
In general, the spin conductivity includes both contributions from the states at the Fermi surface and from all filled states 27, 28 . While the contribution to the spin conductivity from the filled states can be calculated in a clean limit 10, 11 , it is vital to treat the disorder correctly to describe the contribution from the states at Fermi level 12, 13 .
Unexpectedly small number of theoretical works are devoted to the spin conductivity in TIs. Recent DFT calculations of the contribution to the spin conductivity from the filled states show that quite large spin currents can exist in Bi x Sb 1−x and the value of the spin conductivity can be tuned by the chemical potential variation 29 . In Ref. 30 , the spin conductivity of the surface states in a thin film of TI with a cubic lattice has been studied neglecting the vertex corrections. The authors concluded that the dependence of the surface spin conductivity on the disorder and chemical potential is small. The spin conductivity in another Dirac material, graphene, attracted much more attention [31] [32] [33] . Provided the spinorbit interaction is induced in graphene, quite reasonable spin currents can be obtained in it. Recent calculations also show that large spin currents can be induced in Weyl semimetal, another Dirac material with large spin-orbit interaction 34 . We study the spin conductivity of the surface and bulk states in the TI in a low energy approximation with taking into account the hexagonal warping. Both contributions from the filled states and from the states at the Fermi surface are considered. We apply the Kubo formalism accounting the vertex corrections to the velocity operators arising due to the short-range disorder. We show that the presence of the hexagonal warping leads to the additional anisotropic terms in the spin conductivity. We get that the spin conductivity is robust against disorder. The spin conductivity of the surface states is comparable with the spin conductivity of the bulk states per layer. The obtained results are consistent with the experimental data.
The paper is organized as follows. In Section II we analyze the Hamiltonian describing the surface and bulk states in the TI. In Section III we introduce disorder and in Section IV calculate the vertex corrections to the velocity operator. In Section V we study the contribution to the bulk and surface spin conductivity from the states at the Fermi level. In Section VI we consider the contribution to the spin conductivity from the filled states. We estimate the values of the characteristic for TIs parameters in Section VII. In Sec. VIII we discuss the obtained results and compare them with the experiments and numerical calculations.
II. MODEL
Low energy surface and quasi-two-dimensional bulk states in the TI can be described by the Hamiltonian
, where σ = (σ x , σ y , σ z ) are the Pauli matrices acting in spin space, µ is the chemical potential, α R is the value of Rashba coupling (equal to the Fermi velocity for the surface states), r = 1/(2m) is the inverse mass term, s characterizes the next order correction in momentum to α R , k x = k cos φ and k y = k sin φ are the in-plane momentum components, λ is the hexagonal warping coefficient. The term in the Hamiltonian responsible for the hexagonal warping can be rewritten as λk x (k 2 x − 3k 2 y ) = λk 3 cos 3φ and the Hamiltonian is invariant under rotation on the angle φ = 2π/3. The spectrum of the Hamiltonian (1) is given by
If we measure the energy in terms of α 2 R /r, then, the chemical potential, the next order correction to the spinorbit coupling, and the hexagonal warping are conveniently characterized by the dimensionless values rµ/α 2 R , sα 2 R /r 2 , and λα R /r 2 , respectively. Energy spectrum (2) is shown in Fig. 1 for different set of parameters characteristic of the bulk, (a) and (c), and surface, (e), states. A key feature of the surface states in the TI is the existence of a robust Dirac cone, which is the case if sα 2 R /r 2 is sufficiently large, Fig. 1(e) . Corresponding Fermi surface has a characteristic form of a snow-flake, Fig. 1(f) 
, two spin split bands emerge in the system as it is expected for the Rashba spin-coupled electron gas. Therefore, we can formally to write down that
In the case of the bulk states, the function E − (k) decreases at large k and a proper momentum cut-off k cut must be introduced to avoid arising fake Fermi surface pockets at large momentum. We define cut-off momentum as k cut = r/(2sα R + 2λ). We can calculate average spin projection of electrons as S α ± = u ± |S α |u ± , where S α is the spin operator and u ± are eigenfunctions corresponding to the bands E ± . The in-plane spin polarization component is schematically shown in Figs. 1(b) , (d), and (f). The calculated spin polarization lies in the (x, y) plane if we neglect the hexagonal warping. We see that each band can be characterized by helicity, that is, the sign of the projection of the spin on the direction of momentum. The z-component of the spin polarization arises if we take into account that λ = 0. If µ < 0 the bulk states have two splitted Fermi surfaces with different helicity, see panel (b). In the case of µ > 0 two Fermi surfaces have the same helicity, see panel (d), so, we call this regime for the bulk states as helical. Surface states are helical in any case, see panel (f).
In general, the spin conductivity can be presented as a sum of three terms 27, 28 
where the first two items correspond to a contribution from the states at the Fermi surface and the third one from the filled states. Here α and β denote the in-plane coordinates x and y, respectively, and γ denotes the spin projection. 
Here j γ α = {σ γ , v α }/4, v α = ∂H/∂k α is the is the velocity operator, V α is the velocity operator with vertex corrections, { , } means the anticommutator, and G ± are the retarded and advanced Green functions, which will be specified in the next section.
The contribution to the spin conductivity from the filled states is 11,36
Here E nk is the energy of an electron in the n-th band with the momentum k, u nk is the corresponding Bloch vector,Ĥu nk = E nk u nk , f nk is the Fermi distribution function corresponding to E nk (which is the Heaviside step function in the considered case of zero temperature), ... means impurity averaged, and Γ is the disorder parameter or scattering rate. The latter will be also specified in the next section.
III. DISORDER
We will describe disorder by a potential V imp = u 0 i δ(r − R j ), where δ(r) is the Dirac delta function, R j are positions of the randomly distributed point-like impurities with the local potential u 0 and concentration n i . We assume that the disorder is Gaussian, that is,
In the self-consistent Born approximation (SCBA), the impurity-averaged Green's functions can be calculated as
where G ± 0 are bare Green's functions of the Hamiltonian (1)
and Σ ± is the self-energy, which is defined as
In the case under consideration, we can calculate the selfenergy Σ ± = Σ ′ ∓ iΓ using an expression similar to that derived in Ref. 37
The function under integral in Eq. (11) decays as k 3 when k → ∞. Thus, the value of this integral is determined by zeros of the denominator.
The value Γ is usually referred to as a disorder parameter or scattering rate. It determines the analytical properties of the Green's functions G ± , while Σ ′ is only a small correction to the chemical potential since we consider here only the case of small disorder. Thus, we can neglect the real part of the self-energy Σ ′ with the exception of some singular point, which will be specified below. If we put Σ ′ = 0 and have in mind that Γ is small in the limit of small disorder, we derive from Eq. (11) an explicit formula for the scattering rate
A. Bulk states First, we consider the bulk states. In the simplest case, when λ and s tends to zero, we can derive an explicit formula for the scattering rate in two opposite limits, rΓ/α 
This value is independent of the chemical potential and the strength of the spin-orbit interaction. It is convenient to introduce dimensionless disorder parameter
Effects of the spin-orbit coupling are not smeared by the disorder if α 2 R /r ≫ Γ 0 or, equivalently, γ b ≪ 1. We will call further the spin-orbit coupling strong if condition γ b ≪ 1 is satisfied. Otherwise, γ b ≫ 1, the spin-orbit coupling is weak.
In the helical regime, µ > 0, the behavior of Γ(µ) depends on the system parameters. If the spin-orbit coupling is weak, γ b ≫ 1, we get that Γ(µ = 0) = Γ 0 /2 and Γ(µ) rapidly decays to zero with an increase of µ. In the opposite limit of strong strong spin-orbit coupling, γ b ≪ 1, we found from Eq. (12) that the scattering rate increases if 0 < µ < α 2 R /4r:
When the chemical potential attains the singularity point, µ = α 2 R /4r, the Fermi level crosses the bottom of the energy bands E ± if s and λ → 0 [see Eq. (2)]. If µ > α 2 R /4r, the Fermi level occurs in the energy gap. If we apply self-consistent Eq. (11) we get that at µ = α 2 R /4r the real part of the self-energy vanishes and
Thus, in the helical regime the scattering rate increases significantly if the spin-orbit coupling is strong, Γ max /Γ 0 = (1/2γ) 1/3 ≫ 1. In a more general case, the scattering rate Γ(µ) for the bulk states was calculated numerically using Eq. (11) . The results are shown in Fig. 2 for the case of the strong spin-orbit coupling characteristic of the TIs. As we can see from the figure, the higher order corrections to the spin-orbit coupling s and the hexagonal warping λ has a little impact on the value of the scattering rate in the case of the bulk states. In particular, a characteristic peak in Γ(µ) arises near the point µ = α 2 R /4r.
B. Surface states
For the surface states, we neglect a correction to the value of µ due to the real part of the self-energy in the limit of weak disorder, similar to the case of the bulk states. Thus, we can use Eq. (12) to calculate Γ.
In the simplest case r, λ, s → 0 we obtain a well-known result 39, 40 ,
When the chemical potential crosses the Dirac point, µ = 0, we apply Eq. (11) and find that the real part of the self-energy vanishes while imaginary part is exponentially small 39 Γ(µ = 0) = 
, where k cut is the momentum cut-off. That is, the scattering rate at the Dirac point is exponentially suppressed in the case of the strong spin-orbit coupling, γ b ≪ 1.
In a more general case, the scattering rate for the surface states was calculated numerically with the help of Eq. (11) . The dependence of Γ(µ) is shown in Fig. 3 . We see that the scattering rate Γ(µ) is almost particle-hole symmetric since the spectrum of the surface states close to such a symmetry [see Fig. 1(e) ].
The self-energy is proportional to the identity matrix.
This allows to obtain an explicit expression for the impurity averaged Green function. We can rewrite Eq. (8) as
. (17) Therefore, the expression for G ± is given by an equation similar to Eq. (9) for G ± 0 , in which ±i0 is replaced by ±iΓ. We characterize disorder by a single value Γ neglecting renormalization of the chemical potential.
IV. VERTEX CORRECTIONS
In the SCBA, following the approach described in Ref. 37 
We present here the derivation of V x ; results for V y can be obtianed just by the substitution x(y) → y(x).
It is easy to show that n i u
, where ζ and κ are scalars. In these notations we obtain from Eq. (18) that
We begin our consideration with the bulk states and derive some analytical results in the simplest case, when s and λ are zero. Under such conditions and if µ < 0, the vertex corrected spin-orbit coupling is small, α 
Numerically calculated dependence of the vertex correction to the spin-orbit coupling for the bulk states on the chemical potential, α V C R (µ), is shown in Fig. 4 for a more general situation. As we can see, the higher order corrections to the spin-orbit coupling and the hexagonal warping significantly enhances α V C R in the region µ < 0. Nevertheless, its value is still much smaller than the bare value α R . When µ < 0 (in the helical regime), α V C R (µ) is of the order of α R and almost independent of s and λ.
For the surface states, in the case r, s, λ = 0 and γ b ≪ 1, we get that away from the Dirac point, µ ≫ Γ, the vertex correction is α Iz yx is the only term that persists in the system in the case of zero hexagonal warping. All other components are anisotropic and they are non-zero only if λ = 0. The measured value of the spin conductivity depends on the mutual orientation of the current and the crystal axes. So, it is convenient to relate the spin conductivity tensor components in the crystal axes (x, y) with that related to the current direction, (x,ȳ). New coordinates are obtained by anticlockwise rotation by the angle θ along the crystal axes. We assume that the current is directed alongx-axis. In this coordinates we have 
where σ z 0 = e/(8π) is the spin conductivity quanta and E ± is given by Eq. (2). As we can see, the isotropic spin conductivity component σ Iz xy is proportional to α V C R if we neglect the higher-order correction to the spin-orbit coupling. This value increases significantly in the helical state µ > 0. The anisotropic component σ Ix xx is proportional to the hexagonal warping strength λ, the vertex corrections does not affect it.
First, we calculate the contribution to the spin conductivity from the bulk states. The results are shown in Fig. 6 . As we can see from the top panel in Fig. 6 , the isotropic spin conductivity component σ The dependencies of the isotropic and anisotropic components of the spin conductivity on µ for the surface states are shown in Fig. 7 . Both these values have minima at the Dirac point µ = 0 and particle-hole asymmetry that is smaller for larger s. Note that σ The effect of disorder on the spin conductivity σ Iγ αβ is illustrated in Fig. 8 . Both surface and bulk conductivities are robust against disorder in the weak scattering limit, γ b ≪ 1. Moreover, the topologically protected surface terms are robust even in the case of higher disorder, γ b ∼ 1, while the components of the bulk conductivity decrease significantly in this limit. However, the SCBA is not correct for a strong disorder γ b ∼ 1 and more advanced techniques are required to study the robustness of the spin conductivity of the surface states in such regime.
VI. SPIN CONDUCTIVITY FROM THE FILLED STATES
Here we calculate the contribution to the spin conductivity from the filled states using Eq. (7) and the obtained above results for the disorder parameter Γ. Note that the vertex corrections do not affect this part of the spin conductivity. Similar to the spin conductivity from the states at the Fermi surface, the spin conductivity from the filled states has an isotropic component σ . We obtain by means of Eq. (7)
where Θ(x) is the Heaviside step function.
We start with the bulk spin conductivity. In the clean limit, Γ = 0, and zero third order corrections, λ = 0 and s = 0, we get that σ IIIz xy
The latter relation is a well-known result for a spin hall conductivity 11, 36 . In a more general case, the results were obtained numerically and presented in Fig. 9 . As we can see from upper panel of this figure, the hexagonal warping has a little effect on the value of the isotropic spin conductivity, while the correction to the spin-orbit coupling s enhances it. According to bottom panel of Fig. 9 , the anisotropic part of the spin conductivity, σ occurs in the energy gap.
The results for the contribution to the spin conductivity from the surface states are shown in Fig. 10 . We see that both σ IIIz xy (µ) and σ IIIz xx (µ) have maxima at the Dirac point µ = 0 and decreases with the increase of |µ| (in contrast to the contribution from the states at the Fermi level, Fig. 7 ). These functions are more or less particle-hole symmetric. From Fig. 10 , we see that the value of isotropic spin conductivity σ IIIz xy decreases with the increase of the higher order momentum corrections λ and s. The value of anisotropic spin conductivity σ IIIx xx increases with the increase of hexagonal warping strength λ and decreases with the increase of s.
The dependence of σ
IIIγ αβ
on the disorder parameter Γ is shown in Fig. 11 . We obtain that the spin conductivity from the filled states is robust against disorder if γ b ≪ 1. If the disorder is stronger, γ b ∼ 1, both the bulk and surface conductivities are suppressed. 
VII. EVALUATION OF CHARACTERISTIC PARAMETERS
In this section, we demonstrate that the values of the parameters used above for the calculation of the spin conductivity are reasonable.
We can extract information on the disorder strength from Ref. 42 . The imaginary part of the self-energy for the surface states in Bi 2 Te 3 can be estimated from the ARPES data presented in Ref. 42 as a half-width of the quasiparticle peak: Γ ≈ 1 meV and peak position corresponds to µ ≈ 100 meV. Thus, we get γ b ≈ 10 −2 . This is an upper limit for the disorder strength, since, for example, electron-phonon and electron-electron interactions also contribute to the blurring of the quasiparticle peak. The alternative indirect estimate we obtain as follows. The STM data from Ref. 43 shows that for a clean surface of Bi 2 Te 3 there exists one defect approximately perÅ 2 . We suppose that a typical impurity potential is of the order of the chemical potential µ (which was The value of the Rashba spin-orbit coupling is comparable for the bulk and surface states 45 . Therefore, the value of α R for the bulk states can be almost the same as for the surface states. Also, the electron mass for the bulk states 46 is close to that for the surface states 47 . Thus it is reasonable to expect that γ b for the bulk states would of the same order as for the surface states.
In Table I we put estimated values of the dimensionless parameters for Bi 2 Se 3 . These values were obtained by fitting the ARPES data presented in Refs. 47 and 48. Here subscripts b and s stands for the bulk and surface states, respectively. In general, the positions of the Dirac cone for the surface states is different from the position of zero µ for the bulk states (as it was defined in Fig. 1) . Thus, µ s = µ b . Naturally, we can extract reliable values of parameters α R , r, λ, and s only for the surface states. We assume that the characteristics α R , r, and λ are the same for the surface states and bulk states, while s b = 0.1s s . We believe that such a choice does not affect the results within an order of magnitude.
We calculate the components of the spin conductivity for the set of parameters from Table I and for the dimensionless disorder strength γ b = 10 −3 estimated above. The results are presented in Table II . We see that typically the isotropic, σ z xy , and anisotropic, σ Fig. 12 , the isotropic bulk spin conductivity slowly decreases from the plateau with an increase of µ, then, has a peak, and finally drops to zero. It is rather high in the helical state. As for the anisotropic component, σ x xx , its value is considerably smaller than σ z xy . It monotonously decreases to zero with the growth of the chemical potential. The spin conductivity due to the surface states does not depend crucially on the chemical potential, Fig. 12 . The anisotropic component of the surface spin conductivity is much smaller than the isotropic one.
VIII. DISCUSSION
The spin conductivity quanta can be expressed in the dimensional units as σ z 0 ≈ ( /2e) 2 · 10 −5 Ω −1 . In the previous section we estimate that the spin conductivity per conducting layer (either bulk or surface) is of the order of σ z 0 . The distance between the layers in the TIs l is of the order of 1 nm. Then, the specific (volume) spin conductivity can be estimated as σ
. These values are close to that measured in Bi 2 Se 3 20 . In the present study, however, we can not explain a colossal spin conductivity in BiSb 49 and (Bi 0.5 Sb 0.5 ) 2 Te 3 18 , which is about two orders of magnitude higher than our estimation. This discrepancy may occur for the following reasons. First, it has been argued in Ref. 20 that different values of the spin conductivity can be a result of different fitting procedures of the experimental data. Second, in our consideration we do not take into account the effects of a magnetic field. The external magnetization (which is typically presented in the experiments 18 ) could drastically enhance the spin conductivity.
In Refs. 12, 13 it has been shown that the vertex correc- tions in Rashba spin-orbit materials are small and, consequently, the (bulk in the TIs) spin conductivity from the states at the Fermi level is damped. However, in these papers the helical state, 0 < µ < α 2 R /4r, has not been considered. According to our analysis, in such phase, the vertex correction to the Rashba spin-orbit coupling is comparable to its bare value α R . So, a quite significant contribution to the spin current can be observed even from the bulk states. The vertex correction also increases the contribution from the surface states to the spin conductivity.
It has been speculated that the surface states can generate large spin currents observed in the experiment [23] [24] [25] . According to our study, the surface states cannot produce very large spin current and the spin conductivity of the surface states typically has the same value as the spin conductivity of the bulk states per layer. So, our work confirms the experiments that show that spin conductivity mainly arises from the bulk states for a multilayer TI 20, 26 Also, it can explain the experiment, where the spin conductivity is small when the bulk of the TI sample is insulating, and the spin conductivity increases, when the bulk is conducting 22 . The bulk spin conductivity is robust against disorder if the spin-orbit coupling is large in comparison with a disorder, γ b ≪ 1. Otherwise, these contributions to the spin conductivity is suppressed, see Figs. 8 and 11 . The surface spin conductivity is robust against disorder even if a disorder is not weak, γ b ∼ 1. The nature of robustness of the surface spin conductivity is similar to the robustness of the surface charge conductivity against disorder and arises due to suppression of the back-scattering. However, the study of the spin conductivity of the surface states in case of strong disorder deserves future studies.
The surface spin conductivity in a thin layer of TI with a cubic lattice have been studied in Ref. 30 without taking into account the vertex corrections. The authors of the latter paper argue that the dependence of the surface spin conductivity on the disorder and chemical potential is weak. Our analysis confirms these results, see Figs. 8, 11, and 12.
The bulk spin conductivity can be tuned by a changing the chemical potential. Adjusting the chemical potential to the vicinity of the bottom of electron band, µ = α 2 R /4r, we can attain the largest spin currents, see 19 . However, the observed result can be explained not only by the present analysis but also by the particle-hole asymmetry of the charge current.
In the experiment, the components of the spin conductivity tensor are measure in the coordinate axesx,ȳ related to the current. In Ref. 21 the spin conductivity component σ ȳ xx was measured in BiSbTeSe 2 . The authors observed different sign of this value in different samples. According to the conductivity tensor transformation presented in Section V, Eq. (21), the measured conductivity should be anisotropic and depends on the angle θ between the current and crystallographic x-axis as σ ȳ xx = −σ x xx sin 3θ. Thus, different sign of the measured spin conductivity may be due to the different orientation of the current leads with respect to the crystallographic axes in different samples.
